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AB.STRACT 
I 
I 
r 
The purpose of this report i's the determination of the post-
buckling behavior of long rectangular plates subjected to edge 
• 
. -1 
.. :· 
;i 
' l I 
I 
compression as they are used in stiffened plate panels. The behavior 
investigated is the relationship between the ~verage applied edge 
stress and the strain at the longitudinal edge. Of primary interest 
T -
here are steel plates having a Wt ·ratio rangl.ng from 60 to 100 1 · 
' 
where b is the. plate width and t is the thickness. 
\ 
.. 
Included in this report is the evaluation of existing theoretical 
solutions, a discussion of existing experimental data, and~ comparison 
,,. 
of· the theoretical and expe.rimental results. The experimental work 
• 
discussed is not limited to steel or.the b/t ratios indicated above . 
.,.. 
-~· 
_ ... ,. __ ;. :· 
rl 
·rt wds concluded that Koiter's theoretical equ~tion adequately 
, 
describes the post-buckling behavior of simply supported plates with 
b/~ ratl~s ranging from 60 to 100. J 
I 
Consideration was also given to the effect of welding residual 
, 
stresses on the ultimate strength _o~. plate. 
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... 1 . INTRO o· UC TIO N 
This report de~ribes a study undertaken to· ,obt~i-n the load-
I 
.· . \ \ . 4ft 
shortening relat{ionship for long· rectangular plates subjected to edge 
, r . 
compres_sion in the longitudinal direction. This relationship is 
intend~d to be used in the ultimate strength analysis of longitudinally 
., 
stiffened plate panels subjected to axial cofupression and transverse 
hydrostatic pressure. 
It is quite possible for the relative dimensions of the plate and 
stiffener to be such that buckling of the plate will ~ccur before the 
.. 
I 
ultimate strength of the pane-I is developed. Thus, in ordec that the 
' 
ultimate strength be, determ'iined; the post-buckling behavior of the. 
d-· 
plate must be known. This is the problem -investigated in this report: 
! 
:~:~: 
The post-buckl~ng behavior of long plates . The solution must, of course, 
. ,:i· . ' 
be applicable to the appropriate boundary conditions. 
l • 
~ 
-·The desired relationship is the average applied stress vs. the 
axial strain at the longitudinai edge (load-shortening). This relation-
.~-.,,.,, -~ 
ship is to be used-~s the effective st~ess~strain curve for the plate 
at strains above the critical strain. 
The buckling load of a simply·supported rectanguiar plate subjected 
d · bl. h d . 1891.(l) toe ge compression was given by Bryan in a paper pu 1s e 1n 
J\t that time it was assumed that the buckling load was the h1ghest l.dad 
·a plate could carry. Iri' 1930 conclusive experimental proof was 
p;esented by Schuman and Back( 2) to show that the ultimate load was 
. ' ' 
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( 
,:, . 
ir\ves tigat ion of-. ,he· 
The 
tbeo#!tical study o.f a simply 
"1.\-
'\ 
~-
~a•• 
.t,, 
-~· (1) 
·, 
~·-
• 
ii 
.. 
the buc~lirtg strength, and ae 
.) 
.•' \. 
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~ 
. i' 
deve lcpt~d c0n,~pt i1depe~dently. 
Since t:1e work at $;.:hnad(; 1, }J1 tl~··_ Ka i'Olln, and Schuman and Back, more 
dev(! loped. and more refined 
this repcrt leading to ·-'the choice ot & !:olut:lon best des.cribing the 
behavior of a plat~ 
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' 2 .. THEORETIC A~L I N V E S T I ·c A ·t I· 0 N S 
• 
2 . 1 . BACKGROUND . . 
J 
ThE1 behaJvior of a unbuckled plate is described as follows. The 
• b.._. 
out-of-plane deflection w is zero. The rela~ionship between the 
applied stress and the edge strain is dependant upon the re~traint 
against in-plane displacement of the 16ngitudinal edges. For the case 
-
~n which t_h~~~edges are free to displace the relationship in O = E e 
e 
a~d for t~e case in which the edges are restrained from displacing the 
re~ationship a - Ee e/~-v 2 )where O is the average applied edge stress, 
e is the axial strain at the longitudinal.edges, E 1s ·Young's modulus, e 
. 
r \ 
\ 
·l; ·~ ..•. -~ 
/ ' \ an~ vis Poisson's ratio. 
. . trF" 
' Once the plate has buckled, however, the behavior becomes mu 1oh 
' 
mor~ complicated. The magnitude of the out-of-plane deflection is such 
·' that the smal 1 deflection equation (t;,4 ~ = 0, v4 w = 0) are rio longer 
., 
valid. Von Karman•s· large deflection equations must instead be used. 
These partial·, simultaneous, non-linear differential equations are·,: 
4 2 o w 2 d w 
.,,, 
•• 
... V t = E 
- ox2 a2 (2) / . ' y 
-
I ' 
v4 t 4 A~-- 202~ ?,2W + ~ A (3) w = -., D dy ox oxay oXoy oX oy 
·_·./· 
__../ 
.,./'· 
.,,.. 
-
where D 3 2 is the out-of-plane def lee t·i<:>n, a~sl t is - Et /12(1-\J ) , w 
Airy's stress function. 
~' 
The ··in-plane stress resultants are compµted 
I, • 
. · 
using equation (4)~ 
·\_ 
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J"', 
... 
• t 
q 
,. 
. 1 
N 
xy 
..... 
• t 
N and N are the normal ( membrane forces per 
X y 
membrane shea~ing force per unit width. 
I • 
" _,J " 
.. 
-5 
(4) 
it width.and Nxy is t~e 
/ 
The first large deflection equation expresses in-plane equilibrium 
,->< 
and compa~ibility where t identically satisfies the equil.ibrium eqations: 
• 
.. 
• 
~ oN \ + ONxy . X 0 :. r {5a) = 
Ox oy -- : 
' 
, 
oNy aNxl 
"'.· 
9 (Sb) + x ... = 
oy "x • 
~ 
. 
.. 
The str~in.displacement relationships including sec~nd order terms· are: 
ou 1 Ow 2 E -
- + . 'X ox 2 ox 
(6a) 
~---- 0V 1 2 ow 
+ 
.. 
E = - - (6b) 
.. . y 
ay . 2 oY. \ • : ... - . .., 
L __ - -
(6c) 
.. 
r 
wher~~,_Ex and ey are th~ !'°embrane stra~ns. in the x and y direction · 
(' 
respectively, 'Y is' the membrane shearing strain, u .is the dt_splacement 
. xy 
in thj x direction, and v is the disp-l·acement in the .r (see Fig. 1 for. 
the plate geometry and coordinate system) direction. The second large 
\. 
'I 
deflection equation e~presses the out-of-plane equilibiium . 
. . 
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" 
.The inherent difficulty in obt'aining an exact solution of 
·· Equations .J. and · 3 necessitates the fonnulation of approximate -
solutions. In general an approximate solution incorporates assumed 
'· 
, 
functions for one or all of the thr··ee displacements u, v, -w. The 
functions contain a number of arbitrary parameters and the solution 
then involves the determination of these parameters. 
The discussions of the theoretical solutions included in this 
I 
-6 
chapter will describe the method used, the assumed or derived deflection 
function, the imposed boundary condit!pns, consideration of secondary 
•) 
. .(i buckling, and all the assumptions made. 
The following is a brief explanation of some of the te,;ms which_are j 
used here. 
Effective Width 
be =(~- ) b-the effective width represents the h.ypothetical width of Oe _ r 
a pla~e subjected to a uniform stress oe (axial stress atqthe longitudi-
nal edg_e) which would carry the same total load as the plate in question. 
Load-Shortenin& 
The term refers to the ·relatiq~ship betweerl:··tht! applied load and 
the unit shortening of the plate in the direction df the load. The 
unit shortening is ·e(jj..livalent to the axial longftudinal edge strain Ee. 
#:"), 
Given the effective width, the load-shortening relationship can be 
a be .. 
expressed non-dimensionally as - -- where €er is the buckling 
crcr b 
strain of a simplj supported plate_ .. 
• / . 
• 
• 
I 
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Secondary Buckling · 
.• ''!" 
:~ 
j 
.. . . 
.. 
. 
•·, -·1· 
•. ·• ,. ·:. 
-~-
- ..... - .rThe ·expression secondary.,_J"uckl\ng refers to a ch-ange ·1n the 
. , 
r 
buckle pattern from n half waves ton +·1 half waves. It is associ-
~ 
ated with -~a rapid jump in either the strain or the .. load ·and must be 
" ~ 
differentiated from~the gradual modification of an exis-t'i~g deflection 
~ '·, 
mode. 
~ 
.<II . 
l.t.o I:, 
2.2 BOUNDARY CONDITIONS • 
f 
In order that the theoretical solutions be a_pplicable to the 
:f,l' 
. . •} 
stiffened plat(/ prOblem, the boundary conditions used in the analysis 
-~ ' 
must.agree with the probable conditions existing .in a stiffened plate 
1 
panel: . __ The following is a brief discussion of these. probable boundary 
. \ 
·conditions . 
,· 
:, 
, 1) Out-of-plane deflection is equal to zero. Thus at> the 
four edges 
w = 0 
. 
. /. 
'./ 
2)' The edge moments are equal to zero. Thus, at the longi-
9 
tud.~nal eds;..e (see Fig. 1) I 
and at the t{ransverse edge· 
' ~ .. s = ofv-• 
ax. ' J 
~-
'ijr, . .::: :1.; 
\ 
' j . 
·, 
With the longitudinal edges s_upported by stiffeners 
, -- --.. --~--· .. ·--~.--.-.-.--.---· . . . ' 
with small torsional resi_s,tance (such as T stiffeners), 
... 
the edge moments should approach zero. _However, for, a 
' 
\ 
IJ 
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. \,._ 
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"· 
·, ' 
" I.I', l•'I r,,,' "· (>/T 
torsionally rig_id st,i~fe~). th,e end tnoinents could ' 
• 
approach aacondition of fixed support. Oonsidering 
the sti,.ffeners presently used in ship construction, \ 
.\ 
it is more probable that the e~ge moment~maj·be 
' . 
\ 
assumed to equal zero. ~ ,. 
3) Restraint against·normal in-plane displacement of the 
-
,. 
•· 
longitudinal edges is zero and thus the edges are. allowed 
free exp ans ion. However, the displacement does not 
vary a long the length and, thus , .the edges must remain 
straight. Th.us, at the longitudinal edges. 
and ~ = 0 
ax 
i. 
0 
where o is the membrane stre-ss in they direG-tion and y ~ 
.. 
a is the length of the plate. .. 
... 
i 
' . Because of the interaction between adjoining panels 
and the interaction between the stiffener and the plate, 
. J 
it is highly probable that the longitudinal ~d&es are 
forced to1 remain straight. · The restraint against displace-
ilient is muc~ less readtly determi~~d. The majority of 
· investigators have assumed zero restraint against in-plane 
\ 
diapl-aceJ!l~nt and the same assumption is made here. 
Fortun~;ely, restr~int against in-plane displacement 
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.. 'ii!'"'') 
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I 
affects primarily the buckling, load and has only a stnall_ 
~ ~ 
effect on the post-buckling behavior and ultimate 
.,. 
strength of the plate . 
-
4) - The normal in-plane displacement of the transverse edge 
5). 
I 
I 
I 
·c>. 
J 
does not vary wittr respect to- the width and must remain 
straight. Thus at the transverse edges 
~ = 0 
oY 
' The shearing stress is zero at the longitudinal edge. 
Together· with 
condition 
~ = 0 
oY 
the above statement 
, 
that av/c,x - 0, the 
"· 
•-
will satisfy th~zero shearing stress requirement. 
The actual stress condition at the longitudinal 
~ \ 
edge is quite difficult to determ~ne. For a multi-bay 
... 
panel without S·tiffeners (such as that shown in Fig. 5), 
there are no shearing stresses at - the longitudinal edge 
/ • 
.. 
of ~ach bay. The- axial strain in this case would vary 
a~ong · the e'dge. For a hom~geneous column such as the 
-~ 
·stif~_~ner alon~, the axial ~train would be constant. 
.In a stiffened paneliwhere the two·are joined together 
-
the actual condition must fall somewhere between ·the. two 
. . ~ . 
~ ""· 
conditions sttated above. For a given plate size, the 
. ' 
smaller the stiffener the closer the ~ondition of a zero 
., 
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• 
I 
.shearing stress and a variable strain is appraoched. 
j 
. 
However, if the· st:f.ffener is very large a condition···of 
' 
., 
constant strain :l~--~ap-proached and thus shearing stresses .. 
...... " 
are present.. /'( The majority of investigators have assumed 
the condition of zero shearing stresses. 
,, 
6) The shearing stress is zero at the transverse edge. 1 
Thus, at the transverse edge 
..._., 
2 . 3 MARG UERRE 
Procedure 
Marguerre obtains the post-buckling behavior of·an e}Jistic, 
( 5) 
initially flat, square plate. The· method of solution incorporates (. 
von Karman's large deflection equations and the principle.of minimum 
potential energy. A·function containing three arbitrary constants is 
\ J • 
assumed for w after'which a solution is obtained fort from the first 
large deflection equation (Eq. 2). The total strain energy is then 
·-... 
,0 
"' 
( 
minimiz~d witn'respect to the constants, thus resulting in a rel~t.ion.-
~ I - • -... ·U(·· ....._ ... -- -· . ........,. ····i"'-~._ ... - ·._ <J , ": 
-· •••..•... _.. . ... J_. - ... .----· ---
ship between the constants~and the applied load. 
:·.~ .. 'V 
I I 
.,. 
, ' 
, 
Marguerre impos.ed the following boundary conditions: 
' -" 
.. 
1) w (± b/2,y). = w (x,t b/2) = o ,., 
Thus the ~dges must remain in the original plane of ~ 
; 
;._.j ·~. l 
the plate (the coordinate system brignates at the 
''· 
center of the plate). I' 
I . .... ·.:.. .. 
J. 
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" 
2) 
\ 
3) 
4) 
·5) 
.. :\ 
~~ (X,°: b/2) • ~~i (~ b/2,y) • (1 
·1 
Thus, the edge moments are zero. 
+ . u (! b/2,y) is in'dependent_ of y; v (x,_ b/2) is independent 
of x. Thus, the edges are ~onstrained to remain straight. 
b 1·2 
J a (x, ~ b/2) dx • 0 
-b/2y 
f 
The longitudinal edges are thus free to expand as a 
,aJ· • 
straig,ht 1 ine. 
~ (x ~ b/2) = oY '. 
I 
Combining condition~ (3) and(S) requires the shearing 
stress at the edge to be zero. 
0 
I 
' . Marguerre's deflection function is: 
-· 
• 
/ 
w = f 1 cos ~ coS ~y - t 3 cos 3bn .it cos ':,Y + c t 3 ccs 3~ 
3ny 
.cos b (7~ 
.I (, 
. ). where £1 ,. t 3 , and c are unknown constants. The three term trigonometri1c < ~ 
series was intended to appr\oximate the shape of a plate in which additi.:. 
-
onal buckles have fortned near the longitudinal edges. Marguerre· states 
... 
. \. 
strips lik~ the whole p~ate must ~plit into squa·re panels." He noted· ,, 
(6) 
that this phenomenon.had· bee9 observed by LaQde. The assumed function- .. 
· also allows transverse flatteni~g to ~~e place. The amount ·of flattening i 
is dependent upon c arid f . 
3 
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.After substituting the ·-above function -into. Eq .~ 2, this equation 
t' 
can be . so 1 ved for ~. As ~ and w are both known the total stress 
energy ~an be computed as a function of the unknown constants/ 
Differentiation of the total strain ener~y ·with respect_ to f , / 3 , ,, 1 . 
"<l. . ' 
and c leads to three simultaneous equations. Because of the 
complexity of these equations Marguerre chose to use the eq~ations 
_g!! 
= 0 a!!. = 0 (U is the total strain energy) and determine 
of1 
, 
a£3 
by trial and error the value of C yiel~ing the lowest load capacity 
the plate .. C was determined to be 1/2. 
'.i 
of 
The resulting equat1lons reiating average stress and edge strain , 
are: 
-a -
€ 
-E 
e 
... 
Ee -
fw. -
'e 
0 cr E 
- -
2 
er 
Ecr 
-'" 
4 .02E 
er 
.... 
4 -
4 
-
~ .. 
11.26 
·J 
·, 
;.. 
6Z + 18. 6Z 2 
3z + 31 .az '2 = 
E f (Z) 
-
2 
' J ' 
31.8 z~ · - 3Z + 
• 
-· 1/Z ' 350 z2 ,J 1. 8 ... 
-~·:· (Sa) ( ,, 
f 
.. (Sb) 
' 
' 
The effective width based on the above equations is: 
' 
Ecr 1, f(z). 1 - Ecr 
-+-
(9) 
E· e 2 Ee 
•,I 
I.} 
... 
--'"(I) 
' 
.. 
I, 
., 
\ 
I 
I 
! ' I 
k1 
!. ~. 
I , 
I I 
I I 
.. . . _ Ji1 . .r&.u~u::JE; re f!l rsr t,(). t!te ~ve ,t;!_q~l3:t 19~ t~s, .~Il ll_el!'.,:ct_'' c,i:i__~ '. -~~L . .. .. ~·- , .. ~ .. , , ,_ .. _ '-· 
an approximation for it he s~gges-t\ using the following equation: · . 
be _ 0 .81 
--b 
. ,·. 
1/2 
-~ 
~ 
+ 0 .19 
-~: . 
·-.,:. 
.. 
\ 
·~· 
•.1-• 
·'•· 
·--. (1~) 
, 
~ r 
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-
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A second' app~oxi~ate equation proposed by Marguerre is: 
~· 
;• 
b 3 
€er e 
-
-
·--· :.., (11) 
b 
€ . .r 
e 
-. 
~1., 
-. 
Equation 11 will be used in this report as it gives a better approxi-
mation of the "exact" formula in the range. 1 < · / <-~20. 
- ee.Ecr -
.. 
) 
In addition to his "exact" ·solution; ·Marguerre has obtained a 
\ 
second s~·lution for the affec.tive width using an,)inexact method in which 
he assumes that -rxy = 0. If Poisson's ratio is then assumed to be zero,-·~ · .. ·· 
the strain energy computation is greatly simplified. At E / e ::; 20 
- - e er 
the inexact method gives a value of ala approximately 12 percent less 
er 
than the "exact" method. 
Discuss.ion 
Marguerre calls his method of solution a "mixed method" as both 
-: \ 
\ 
the principle of minimum potential ene,;gy and ·the large deflection 
·equations were used to obtain 7 the solution. Had minimum energy 
~ples aione been useU, the solution would be an upper bound in 
;) 
,. 
that for a given strain the predicted load capacity would be- greate~ ~ 
than or equal to that given by an exact solution. However, with the 
•1 
•\ •:. 
\ 
us·e of the "mixed method" this is not necessaril.Y the case.··, Accordi_ng 
'j • -
/;' 
if t~e sol~tion or Eq. ,2 based on the assumed deflec_tion function is 
.. · ( 7 )· . I ~ 
e.xact. _ ll) Marguerre 's. _report the calculati.ons inv9lve,d in -<;>ptai~ing 
'the. "exact-'~. solution are not included, mak~ng :Lt impo.ssible to determin~ 
• 
·• 
. i 
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4'bsolutely that the solution is an upper bound~ 
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One of the important:tiactors determinjngJ;he accuracy of Ma rgue·rre 1 s 
solution is the adequacy of the three term cosine series to approximate-
the deflected shape of the plate. The close agreement betw.e·en 
.. 
) 
Margue_rre's solution and Levy's solution (see Sec. 2.4) in which six 
. f ' 
terms were used indicates that the three term series is guite adequate. 
The function chosen by Marguerre limits the longitudinal wave 
pattertft'o a single half-wave mode, a three half-wave -mod~, or a 
combination of the two. The shape developed in the solution is a 
,.. 
single half-wave modified by the three half-wave mode. At € /e = 20, 
e er 
' 
f 3 ~ 0.23_ f 1 showing the first term to be ... the dominant' term. Only at 
-
a very high load would the three half-wave :mode dominat~ the first mode. 
Thus, ~ondary buckling as defined in Section 2 .1_ ts not included in 
Marguerre's solution. Only the first equilibrium·mode is investigated . 
.,. I . 
As ~econdary buckling constitutes a most important factor .. in a , 
comparison of the solutions, it will be (urther discussed in Section~ 
2 • 4· and 2 . 5 . 
--
-).l. ' 
\ . 
( 
/ 
'"'-. 
. . ~ 
2 .4 LEVY ·~-
, 
. 
Procedure 
(8) ' 
Levy develops the elastic behavior of a rectangular plate· 
..... t' 
· subj1ected to normal pref?sure and- edge. compJ:'ession based on the large 
;q. \. 
-·- •.. -··' .-- .', .. . . . • . .• . - a ... 
"' 
deflection t'heory as defined by von Karman' s equations ~(Eqs. 2 and 3) __ . 
The defrected shape w is re.p·resented by a Fourier series. A solution 
~ 
for J is then obtained :from the _first iarge deflection equation 
( 
. ,~··: 
(Eq. 2). The relationship between the deflection coefficfent and the 
-
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,. 
normal pressure is determined by substituting I and w into Eq. 3 . 
(' 
The relationship- thus developed is for a rectangular plate. 
r-~__,)\ 
subjected to both normal, pressure and e·dge compression. Using this 
' 
relationship but incorporating only a finite number 6f terms of the 
" \ 
Ftjurier series, solutions are obtained for.various combinations of 
plate· aspect ____ ratio (a/b) and loading. One of the cases investigated 
was a square plate subjected only to uniaxial edge comp-r_~ssion. 
) 
i: 
-.-· 
-
./ This case w1·11 be discussed here. 
\ 
- ,( 
. ,· / 
~· 
.. :":,· 
~ 
:.....,;,;· 
.-: 
The imposed boundary conditions are: 
' 
/ 
/· 
.. , ~\" 
;• ·'{'" 
L 1) w (o,y) = w (b,y) = w (x,o) -= w (x,b) = o . 
, M 
. ' 
2) 
3) 
.. 
., k 
(The coordinate system originates at the intersection 
f 
of the edges) 
2 g (o,y) = 
oX 
2 g (b,y) = 
oX o
2
"r· (X,0) = o1 (x, b) = O 
'aY'Z oY ·-
/ 
, .. + / 
r ', udx is independent of y 
·~ 
. ..:-·. . .. ~:·' 
0 
----
',. 
,_ -
' it Jb ..... j vdy is ·independent of X .. 
0 
/ 
Thus the edges are. constrained to remain straight. , 
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I 
The 
w 
'• 
) 
• I 
'_ ,- ~ 
\'' .. ~ ., 
· .... 
., 
... 
Txy (o,y) • Txy (b,yl • Txy (x~o) • Txy (x,b) • 0 
* The*shear is zero along the edges 
-Fourier series: ' ' .. 
-~ 
' 
I'\"' 
........ ~..:tt... .... 
w sin lllTTX sin 
> 
.. ' \·· 
'-16 
:r 
f 
... 
-~ 
-~-
=t t DTTY m,n 
'(12) b 1b m=l n=l 
satisfies the first and second boundary conditions. 
-" 
""' substituting Eq, 12 into Eq~ 2, -~ is determined as 
, 
-
2 
+ bp, q cos PTTX xos 9:uY I.• - .a y 
2 p=o q=o ,.,, b b 
where bp, q ·= E 
4(p2+q2) 
(B + 
1 
\. 
( 
• • • + B ) . 
-·,-:- ... 
After 
., 
Each "B" is a function of the defle~tion coefficients expreJ}sed 
as a double summation. 
Since the edges must remain straight (third boundary condition) () 
, .. / 
the'total shorteningj.n the x direction must be independent of y and 
the total shortening • the direction must be independent o-f 10 y X ;-. 
1-. -~ ) 
Integrating u over the length of the plate one obtains 
--,~~r> 
0,0 
-
b _,,, b - 2 2 j = J - l (~J X ab TT 2 2 (14) udx - - --E - m 2 · ·ox E Sb w X m,n 
0 0 m=:=o 
n=o 
Jr·-
/ 
--
....1 •• ·._,. ___ ~- ....... '........... ._,_ ... _ .......... ,., ' •••. ·--·~·: •. -·· •.•. ~·.·.:1..,. .. ,.,. , ··-··' .,._, ~r•"' - • .. • , l.. -·- .-- • A,.\ •• .... -·, - > ···-- --. , , -c·-,· _ ... ,.- -· -- .... , ~ . . , • - -····-. .• •. .._ -- · .. ., .. • ~ 1-~ .... c~ .. ·-· ',...... ... ...,. . ., . ,_, • _. '. ..... . 
Equation 14 shows the ~otal shortening to be independent of y -and·· al.so. '. . - ·.~. •<"''•"-•- ,f,. .... ,_ ....... - ,,:_ , .... : ...... ,..,. , •. ~.:.. .... ,-...... - ..... - ~ .. . 
gives the relationship between the shortening, the edge stress, and 
.... 
,, 
. ,· 
I\!, 
the ·deflection coefficients. A simt-lar result was obtained for the 
• 
y direction. · • 
. ' 
*·-Levy does not state this as a boundary. condit4>n·; ·howe\,er·, the 
t ' :..·:"- ,. 
computed stress. function satisfies this ·condit~on. ,. ' 
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The relationship between the ·Fourier coefficients for the nonnal 
~· 
,.; ... :::·. pressure (which are known) and the unknown deflection coefficients is 
deteanined by substituting the expressions for· w and t into the 
-~-
·~ 
. ,·. 
,, 
s_econd large deflection equation. This relationship is: J i) 
* 
2 2 (r2n2+s 2 - 2 pr,s = D wr s TT )- a t w ,. r TT 
r,s -
, 
b2 2 7· 
.a 
+ tn
4
, ( G + • • • + c9) 
:/ 4b4 1 ... 
I , 
~ 
~here pr,s is the normal pressure coefficient and each "G" i~a 
fu~ction of the deflection coefficients expressed as a series., 
Equation 15 thus represents an infinite· family of cubic equations 
with an infinite numbe~·of unkhowns. 
' . . 
' . ,_, .. 
I 
·t 
~:- ~,· ·. 
! 
(15) 
'1 
Of the infinite number of terms of the Fourier series, six tetnl$ 
r~ ·- \. 
'were used .to determine the p_o$t-buckling behavior of a square plate 
& 
·<~1.1, wl,3, w3,l, w3,3, wl,5, ws,1>· The first ~ix equations of th~ 
/;' 
family represented by Eq. 15 that dig not result in O = 0 were 
. . 
selected and 'the series were exp~nded to give the six coefficients. 
-~ 
~ 
,, . \ ' 
The equations we.re solved by a me~hod ·of successive .approxima{ions. 
sixteen values of o/o ranging up to 5.95 . ~ er 
for 
' '·, 
.. 
Discussion - -------- . - --- - -- \ --- -
• 
I 
, 
I 
' ... . -··· ~- - .. 
- •• ·, •- .. t.; 
In order to check the accuracy of the lix term approximation, Levy 
• , .. ,, .. _, ·-'· .'. t,,_ •. ...,....,.\,, ~ ........ :"?-:-.... -...,. --~ . .:;, .... _,.:.'.'--.-1.-------r·-··· -- .. 
-·· .. ,.-.,. .• ,-.... ,.. .... - ,.. . ._: ....... : ... ·--,~,,~:"".r.J:..1~. - .. ~ ·- ,· .. ~J. , __ , 
. / 
j, 
• 
. J ' 
. ' 
computed the effective ,width using -two term, three .term, and fo11r term 
. f' . . • 
· approxim'ations __ for the deflection function. " Th.e !our term ··approximation 
.gave the same value to bee places as did the six tet'l!l. approximation·. 
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' Thus, the six term approximation fa COll\pletely adequate for describing 
.the load-shortening behavior. 
' ' 
As ts the ca~e in M'.arguerre's soluti~n, the deflected shape 
.... t 
developed in Levy's soiution is a single half-wave modified by higher 
' harmonics. Ate /e :13 w. = 0.20 ~ where w is the second 
. e er , 3, 1 1, 1 3 , 1 
~:.v.- . 
, largest· term. Levy has thus de·velope-d_ a very accurate description of 
fl, 
the first equilibrium mod-.,.e. ~ 
_./ 
_,. 
The s·i:multaneous equations from whi~h the solution is obtained are 
cubic and thus yield three solutions for each coefficient. According 1- , 
to Levy the method of successive approximation will yield a solution 
., .Jfl 
,, 
• 
c~rresponding to stable equilibrium. The validity of the above 
. .tJ 
statement ~s questionable as th~re would seem to be no reason.for the 
method to seek a position of stable rather,. than an unstable equilibrium. 
The mode upon which the solution converges will depend upon the arbi-
r 
trary values of the coeffici~nts which are selected to begin the 
-
iteration. 
Even~f the validity of Levy's statement is accepted, it would not 
•I 
necessarily apply t'o. plates that are not square .. The second equilibrtum 
mode ~or a· SRuare plate ia two half-waves of length 1/2 b. --For a plate 
~._::' ..• I,.~;[ •. -__ ,- .... _ .• 
' 
• • 
I 
i' 
., 
• -.~ ..... - - ' •• i..- ·-· .... ·, .,_;-::..,~··-·--·-·---· .••• • .• ---····-.!->-
_,. buc~ling mode is five half-waves of length 4/5 b. The mode for which 
>., 
\. 
the wave length j.s 1/2 b i.s the fourth equilibrium mode. It is thus 
'• 
much less likely that secondary buckling would be delayed up to 
( ''( 
,>. 
.,... 
' 
·,, 
, 
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I 
r 
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= 16. 65 as is indicated by Levy for a square pla.te. 
7 
· · ThEt close agreement between Marguerre 's and Levy's sol~ons 
.,I 
(see Fig. 8) giv~s much support to the use _of Marguerre 's approximate 
equation as a design equation under the assumption that secondary 
" 
buckling does not occur. As is · indicated above this assumption might 
(J 
, .. 
) 
Q • 
be adequate for plates of low aspect ratio. However, it is much less. 
likely that it can ~_applied to plates of high aspect ratio as used 
in stirfened plating. 
2. 5 STEIN. 
Procedure 
• 
Stein's solution is for an elastic, initially flat, rectangular 
~late.< 9 )~ Stein expands the displacements u, v, and win power series 
~ 
. . 
in terms of an arbitra.:ry· ·parameter. Using the strain displacement 
() 
relationships of large ·d~flection plate theory (Eq. 6J and the 
elastic:(ty equations, the stresses can be re~ted to «'the displacement 
# series. · As the stresses· and strains are derived frpm. assumed displace-
/:[:, 
ment functions, the comp-atibility requirement~ are automatically 
satisfied. 4The in-plane equilibrium equations (Eq. 5) and the second 
large deflection equation lllUSt ,. ho\o1ever, still be satisfied. Subs ti-
,,. 
~- tuting the stresses into Eqs. 3 and 5 and equating coefficients of-'lik~ 
"' 
' ,• 
./-' 
"i · ... 
·., 
\ 
.. 
.. :,., ..... , .••• <l•'•MO- ..... -· .... ~!'lo,. • •• ~, • . ._,, \,·,'J'.-~- ,,a•-·•,_,;,'--·-· ,__,,.,., ..... ,.•, '•-•••· • . .,,._. __ ,,_. • • ~" ••• \• •·•· "·"' "'<• s r~ .' .... -.•.. ,._ ... ,.. ••• " #·"'•> • "•• -· •·- •• •• • .._ • .;.. o•,'t' ,'•'" ••, "-• "-.j•-•• ,.._ '"1•.._•l·•<,~L•---,.'•,,..•,o;-,o..- .... .,_, . ...;,..,.'--,, 
,. 
I . 
·I 
r. 
. ,•.;· 
. . 
~. 
p~wers. of the ar~itrary parameter results in an· infinite set of linear .. · · 
I 
differential equations. 3tein obtains th~ first approximat{on by 
r 
utilizing the first four equations .. The second ap-~roximation he 
' "\ 
I .. r 
computes by using the first six equation~. 
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• 
Included in the same report is the post~buckling analysis of a 
(9) flat plate subjected to a uniform temperature rise. 
\ 
Stein imposed the following' bound·ary conditions: 
' 1) w (o,y) = w (a,y) = w (x,.o) = w (x,b) = 0 
• 
(The coordinate system orignates at the intersection of 
•i. 
the· edges) . 
2) 2 (o ,y) 2 2 (x,o) 2 (x,b) 0 4 - a_-; (a, y) ::; .a_; .= a.; -
~ox 
. oX· dY oY 
) 
........._ 
3) ~ (o,y) =~ (a,y) =~ (x,o} - ~ (x,b) I= 0 
oY oY ax 
.-, oX 
a a 
4) J oy (x,o) dx = r a (x,b) dx - 0 
.J 0 
y 
0 
' 
.. \., . 
5) ~ (o,y) = ~ (a,y) =~ (x,o)" - ~ (x, b) - 0 
0X 0X oY oY 
v 
Displacements u, v, and ware assumed to be in the form of the 
t 
following series: . 
40 
u = I ,, u (n) E,n .. u (o) + u (2) e·2 + /4) € 4 + 
. . .  '"'" 
' 
n=0,2 
CIO \ • • I • 
,""\' 
. I· •: 
0 . 
,' 
I 
--
f 
(16a) 
L { (n) n -· V • V e 
n=O,~ 1
, ., (16b) 
" 
--· . 
.. 
w = w 
(n) n 
e 
' .. 
' 
.. · ) 
;,. 
i;). :'· .... --- S• c' -.:·• ... . ·- . __ ,.c . --· , . .. • . - . - - ~, 
,., I 
(16c) 
•; ,~-· 
,,/. '• 
__ .,,-:· < '"), n=l.,3 
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where €. is an arbitrary parameter and (n) is .a ,.superscript. Utilizing 
the strain displacement relationships and the elasticity equ.tions, 
the stresses can be expressed as follow~: 
oO ' c:,O aO 
.""" ~-·· L (n) n L L (m,n) .,., N. = N € + N 
€ X 
n=l 3 X m=l,3 n=l ,3 X , 
(n) Et (n) (n . ~ + \) .ay, where N i-\)2 --X oX ,, . oY 
(h,m) 
N 
X 
Et ~(m) _,e!(n) + v ~(m) .c!.(n) 
ax ox ., oY oY · ,.J 
. 
Similar\., results were ootained for N 
y and N . xy 
m+n 
• 
·(.17) 
Substitution of the stresses into Eqs . 2· and 
·4 results in three 
• 
infinite series each being equal to zero. For these equations to'be 
,.,.. 
satisfied, the coefficient of each term must be . equal to zero. Thus, 
an infinite set of differential equations is produced. As an example, 
· the equations shown below are produced by~setting the coefficients of 
·-· 
0 
e equal to zero. 
-
.,. 
(o5 (o) 
aNx oN~y -. -
0 )'' .! (18a) + = ~ .... ox oy 
, 
----·--- . - - -··T (o) (o) 
•. 
.. 
oNy oNxy 
-~., .. , ... • .••o "' ,-,•,•-••·.-.-·:,-,~'<''":•••-'-'.•••""-·C'--•-'",,_.,.:.-, .. ,_,, ----"~--,-•'·-. - + ,• -,--.,-.a... .. • .• ,,., ...... ,.,·~--,·;.;,;,\ .. :. ·: .. • _,,. ·•'-''"·-••"•'•• ,, .. ,., ,.•.0 .•.. ,._, ---••, "'"".A,'-"_-,;,~-·:··•·._,,);,.:...:, .... , .. ·,~,_ ... ,, .. , .. ··-•--.,,,.,,-........... ,.· •. ~:.-..:; .. ,.••••~'•,\,,. 
oy ox 
., 
J 
4 (1) 
D V w 
1_"- I ·-• t: 
- " .... , 
- ...... ,,,. ,ii.... 
-
-
.. 
·(18b) 
·~ 
(o) 2 (1) ~- (o) 2 (1) (o) 2 (1 
Nx ·oox2 . + Ny - . ~- w - + 2Nxy o .w ::-::-z- = O (18c) oY ~ oxa y 
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Thus, substituting Eq. 17 into the above equ'a,tions, the differential 
equations can be solved for the displacement coefficients. An exact 
' 
solution of the. problem would involve solving the entire set of 
\ 
equations. This is of course impossible. To 6btain his second 
,. 
approximation Stein uses the first six equations obtaining values 
f . (o) or u . , ( 2) -( 4) ( o) ( 2 ) ( 4) u ,u ,v ,v ,v (1) (3) tr w , and w 
~·· 
• 
"I, 
The above displacements are functions of p(o), p( 2), pC4), where 
the total edge load P = r p(n) En and p(o) was determined from 
~ 
n=O ,,2 
the solution of ,rEq. 18 to be equal to P where P 
er er 
is the buckling 
load of a simply supported plate. Stein chose to express the00 
, 2 P-Pcr 2 P [ arbitrary parameter. as e- =._· thus, P = P + E -P er -
Therefore, p( 2 ) = 
er er n=0,2 
p 
er 
n > 4 
-
The approximate solution rs thus complete. 
' The resulting deflection function is w = 
(3) 
•sin mnx sin nyry J 2 w 
a b + 31 
. 2tJ ,( sin3mnx ~i.n nw i 3(1-;2) -- a . b 
P' 2 
+ J w. 
(3) 
2tJ 
. 
•· 
sin mnx sin 3 nny I 
.. 
... ' (n) y n 
p 
€ • 
.. 
--·-------. - - ---- . . ._. ___ ·-·--- ....... __ ·--· --·"·-·· ... -· , 13 ,,:::- 2 
JJ{l-v ) a b (19). 
• I 
.... ... .. ....... - - _ ... _._ ......... --,.--:" .:0.,- ....... ·-·---·-·- -·~· ·-···· ......... "'-2 --· ... , ..... ·2· .. •-- ........ .. 
t where J. · = e Pb 
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i \. t '!\ ... 1J ~ . 
.. 
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1 Dn2 
4 e + 
~ • mb/a 
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w = -3 .. 2 
w (3) = 
13 
,, 
(3't·-/ 
w 
31 = 
\ 
' 
.,._ 
J· . 
.. .,_ 
.. .,.. 
;, 
" ;f " 
,:, .. .. 
4 (3) 4 (3) e w13 + n w31 
e4 _+ n4 
4 B . 
"' 
·:-,. 
( 2 9 2)2-( _2 2)2 e + n e +n ' 
4 
n . 
' 
. . 
" 
The load-shortening relationship is given by 
.\ 
J2e2 J4 2 €e -a w 3S /~ , .. - + + -
€er 0 cr 2 
and the effective width ·r~!atioqship is 
be 
-
cr/Ocr 
I 
--b - 2 2 4 2 0 
J a - + + J w e 0 cr 2 3 
... 
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. I 
.l 
./ j 
l 
-~ 
•p• (20) 
• 
(21) 
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As can be seen in Fig. 7 Stein's solution gives a much lower load .,_ 
capacity for a plate than do'es' Levy's or Marguerre's (Stein's solution 
I' 
I was plotted for a plate of aspect natio four). The ;eason for this 
difference in predicted load capacity is the inclusion of secondary 
buckling in Stein's solution. ~ I -- -
-... 
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I 
,/ 
. h,__ 
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1The def lec·tton func·1t i·on' w derive·d by ·-stein c:oritci"iris . 'the \indete~in-· . '· . '' -· ,._ _ L,• •• ''"'"-''·'"' 
. \ lng quantities m and n which represent the number of , ... half-waves in the .... \ 
-. longitudinal and transverse directions, respectively. Each combination r 1 
,4 
of m and n represents. a; deflected position for which the plate is in \), 
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equilibrium. The load shortening behavior is of course also dependent 
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upon m and n_. 
. . . - ' -
If it can be assumed that the plate.will defo~·in such 
•. 
a manner that the load is a minimum then seconda-ry buckling w~ll occur . ·, 
llt2]1 
at the in~l:ersettion of the equilibrium curves. The assu~ption that 
( \' .... ~ 
the lowest load~' represents the ... cbrrect load, however, is not necess·arily 
correct. 
..... 
' 
' 
v 
Stei'n has analyzed the post-buckling ... behavior of a column composed 
1 
. ""'" ~~-.......,.. of three rigid bars connected by torsional springs and t-ransversely 
' 
. d b h 1 . . , ( .. F. . 6) ( l O) ., · · i res ti;a1ne y t ree non- 1near springs see 1g. . \Various rat os 
of k 1 and k2 were considered. According to Stein the behavior of the 
... 
column is analogous to the behavior of a plate in the post-buckled state. 
{ 
The possible deflection modes for the column consist _,_of a symmet-
rical mode, an anti-synnnetrical mode, and a mode which is neither 
symm_etrical nor ~nti-symmetrical. 'Dle column would initially buckle 
into the synnnetrical mode. At some point beyond this first buckling 
load the equilibrium curve for the symme/rical mode will intersect 
I 
with that for the anti-symmetric.al mode, {point A in Fig. 7) . 
• 
• 
Stein has examined the stab~lity of the symmetrical mode and ha~ 
shown that the instability will occur at a load in excess of the 
load given by the inte_rs~ction of the equilibrium curves (point B- in 
/· 
--· 
'· . i 
\ 
.• ·---···-'-· ·'-- .. L· ______ , ___ \. - - ,Ftg,--. ---JJ .. - Depending ·upon · the -ra tto- -of k · and k· , the instability ·can 
- 1 2 .. 
• :., 1 •• :- ··- ~ 4 -... •.• ·• """' 
.. , 
.d 
., 
'(. 
,.:., 
' ' 
' 
occur shortly after the intersection,,of the e.quilibri9m curves or can 
· occur at a much higher load. At the pain~ of instability the transit~on 
-from the symmetrical mode to the anti-symmetrical mode will take place 
/ 
·, 
- ';, 
·' 
' 
.. :-;., 
· ....... · 
• «. .. .. 
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at a ·ocons tant load if the loading .is being ,,{ontroll¢d or at ~~ con·s'tant . 
.. 
" . 
It is also pbss i.ble that a strain if t~e strain is being controlle4~ 
~ // 
'·1 
stable equilibrium path (nei.ther symmetrical nor anti-synnnetrical) 
I' 
exists between the two modes {dashed line in Fig. 7). 
_/ 
A qualitative description of the behavior of a plate can be based 
on~ the analysis of the column. Unfortunately, a quantitative descri-
"'· 
ption is as yet not av~ilable. To d~te, no mathematical analysis of 
~ plate stability in the post-b~ckling reglon•has been published. 
I 
• 
If instability of the equilibrium occurs shortly after the 
intersection of the equilibrium curves then Stein's solution should 
more closely describe the post-buckling behavior then the solutions 
i' ' 
of Marguerre or Levy. If, however, a large delay occurs between the 
point of the instability and the intersection of the equilibrium 
curves, Stein's solution could give misleading results. In addition, 
'."1 
for Stein's ~olution to accurat~ly describe_the behavior of a plate, 
secondary buckling must occur not once but each time the equilibrium 
curves intersect. 
\ -
-· In. order for Stel:tK_s solution to predict the behavior of a plate 
• 
\· 
'in which secondary buckling does occur, the solution must accur~tely A 
,, 
•,. 
.. - .. C:....,- ··--·-· 'des C ribe the- vari-ous. equ il i-b-rium modes .. -In. gener·al 'th.ere . is no way ,-- ------- ·--- r i ', - ... ..: •. :c'C-· . '·-··-··-
of checking this; however, Stein's solution for the first mode· 
-
(m, n = 1 for. a square pl~te) can be compared to L~vy's solutio~. 
.. 
Stein's solution gives a h'tgher load capacity and' for € / 6 = 14 
-~ e er 
,.... .. 
.. 
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11" , -the difference. is .. approximately 10 percent, indica.ting only moderate 
• 
' ... . 
accuracy. It }-s-·-~difficult to draw any conclusions from this .as to 
th~
1
-accuracy of the solutions for the higher modes. Even though ·· ·,. 
-
Stein's solution for the first mode~i an upper bound to Levy's 
.. 
essenti~lly exact solu~ion, it can not be concluded that Stein has 
.. 
developed an upper bound solution for the post-buckling behavior in 
which seco~dary buckling occurs. 
#J 
To obtain an id~a of the convergence of his solution, Stein 
r 
compared his first and second approximations. In the first approximation 
fl 
the function developed for w was a simple sine term and in the second 
approximation it consisted of three terms. At E IE - 6 the first ~ e er -
approximaiion gives an ayerage stress approximately 10 percent greater 
than the second approximation which hardly indicates convergence. It 
is possible that solution of additional differential equations of the 
t') series which would yield higher harmonics would increase the accuracy 
of the solution such tha~ the ~ehavio~ in the fir~t mode would agree 
with that given by Levy's solution. 
2. 6 KOITER 
Proc~dure 
. 
.,. 
' 
\· 
:f 
Koiter's solution is for_ an infinitely 1/ng, initially flat, elastic 
• I 
/ /. 
I 
l 
I / ... 
. I 
. I , . 
/ 
• I 
. \ 
' . 
p18te. (ll). TO Obtain ·a SOlUtion fllnctiOns were aSSumed for the'three ·'-·-· ..... 
. ,., / 
"\ ~· - .. i,- •-- ---- .•.•• ' ••• ~.i. · ... ,.,.~- ,. . 
.. 
v 
~ .. ·· -··--·- ·-displacemehts u, v, and ··w. The total strain energy computed from the 
.. 
assumed displacements was minimized thus -de terming the displacements.~• 
I 
... _.,_ 
Solutions were obtain~,g for pla-tes having the three possible rotational 
. ~ ,, 
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f. 
~ ( 
restraint co·ndi ... tions at the· longitudinal edges, that is,. zero edge 
moments, elastic restraint, and a fully clamped condition. 
.- . 
The foJl.owing boundary conditions are applic·able'!/in each case: 
1) 
2) 
~ (x,o) = 
0X 
~ (x,b) = 0 ~--.'v 
oX 
The longitudinal edges are thus constrained to remain 
straight (they coordinate oc~ginates at the edge of 
the plate). 
, 
L J ay (o,y) dx = Joy (b,y 
0 , I 
dx = 0 
where Lis the length of the longitudinal -half-wave. 
-
For the case in which the edge moments are zero, Koiter has 
obtained five different solutions each corresponding to a different 
-27 
set of displacement functions. Since the.-solutions are based on energy 
principles, the predicted load capacity will approach from above that 
given by an exact solution and the lowest solution is thus the ~9st 
nearly correct one. This lowest solution will be discussed here. 
~),. 
' A sketch of _the transverse out-of-_plane deflection profile is 
·( 
. ·shown in Fig. '(2. It is composed of two quarter sine wav·es and a flat 
portion in the middle. 
I 
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.--1 
sin 2nx u • - Ee X - nf 
8L L 
'19:i" 
sin2 V • vo(Y) - uf2 TTX 
-
:1·Bab L 
For 1/2 ab< y < (1 -1/2o)b 
w = f sin nx 
-L 
U • - E 
e 
2 
x· - nf 
V • V (y) 1 
SL 
sin 2nx 
L 
.•· 
sin2 !!I , . .,.. 
ab 
~ 
sin 2cy 
'\ 
ab 
,; .. 
.• 
.,, 
:, 
,,: 
:---· 
(22b) 
(22c) 
, (23a) 
(23b) 
I 
(23c) 
For loads just above the buckling load a is equal to 1.0 and the 
(-'-. 
transverse shape is a single half-wave. The longitudinal shape is a 
sine wave. 
FoL, the abo,>e·displacement functions T is identically zero 
xy\ 
throughout the entire plate. Thus an implied boundary condition is 
A, that T is zero at the longitudinal ~dges. xy 
Parameters f, L, and a are undetermined--parameter f is the maximum 
amplitude of the wave, a determines the length of the flat portion, and 
'- -
Lis. the longitudinal half-wave length. 
\ 
v (y) and v (y) are undetermined 
0 1 
functions. \. 
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·· - - · · ······ To obta fo. the Soiut ioil, tile iiite&t"al fOr' thft·total potential must 
i' ·' 
be minimized. with respect to f, CJ, L, v
0
(y), .and v
1
_(y). According to 
Koiter the total potential will be a minimum_ with respect to the unknown 
functions if the portion of €Y which is independent of xis equal to 
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.. 
' 
- v E • The above fact combined with the direct differentiation of X 
the total strai} energy with respect to f, a, and L will give the 
solution. \ ... __ . 
. < For the case of clamped longitudinal edges Koiter has obtained 
,/ 
two solutions. The· solution giving the (lowest load capacity for the 
plate is discussed here. 
--
For O < y < 1/6 ab 
~ = 1/3 f (1 - cos 3ny) sin !!!· 
U a-e 
e 
2 
X - Tif 
L 
ab L 
_!_ - J_ cos 3ny + 
48 36 ab 
\.... :.z;, ___ .... 
1 cos 6TTY sin 2TT'X 
144. ab L 
v • v (y) + uf2 (1- sin Jw· - L sin 6ny cos 2rrx 
0 ab 24 ab J 48 ab L 
/ 
For 1/6 ab < y < 1/2 ab 
w = f !. + 1 sin (3w 
3 . 3 2ab - TT) "4 
~ 
sin TTX 
-L 
2 ) u = e x - nf _!_ + _!_ sin 
e L 24 18 
3 .. 
- m. 2 ab 
!!
4
) - _!_ sin lTTY] sin 2rrx 
36 ab L 
V = lm:-rr 
2 ab 4 
For 1/2 ab < y < (1 - 1/2 a) .'.b 
~-
w a..., f sin rrx 
-
....... 
L .. ~ 
. /' 2 . ,...-'. ., ,• 
""' 
- _!_ cos~2TTY 
24 ab 
COS· 2mc 
,.....L 
.. 
f 
·.'{, 
(24a) 
(24b) 
(24c) 
(25a) 
(25b) 
(25c) 
(26a) 
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L, a, f, and €~2 are u
ndetermined parameters and v0 and v1 are 
) 
undetermined. functions. The out-of-p.la.ne deflection w in the region 
0 < y ~ 1/2 ab was c·hosen such that for a = 1 it approximates a cosine 
;. 
i 
·I 
curve which is the buckled shape for a plate with clamped edges. As 
in the case for zero edge moments~ is identically zero throughout xy 
the plate. 
One of the most interesting and important conclusions of Koiter's 
.. 
work is that the effective width is nearly independenrof the rotational 
restraint at the longitudinal edges. The ·maximum difference be.tw.een 
the solutions for a clamped. plate and a plate with zero··e·dge moments is 
'I 
3 percent. The· solution for an elastically restrained plate falls 
~ 
between the two solutions as would be expected·. Koiter thus proposed 
/" 
that·the following equation be used for all three cases~ 
b /b • 1. 2 
e 
2/5 
- 0.65 415 + 0.45 6/5 (27) 
In the range 1 < e /e < 100 the maximum difference between the above 
e er 
equation and the solution,for the case of zero edge moments is 1.5 ,,. 
percent. 
. Discussion 
. ' -
.,,. ..... •' ._ • , " ;. .. ~· \ ...... ··-- .• : .; :·~;. .... . :., ' ' , ...... - '-- ' - '1~. ... ,. ·, ' .._, • ~ 
One p(~_the undetennined pa1tiBmeters in Koiter's solution is L, the 
.... 
., 
' . 
/ 
hal.f-wave length in the longitudinal direction. L is thus determineq 
as a continuous function· of the applied load/ As the load increases· the 
wave·.length decreases. Tpis, however, will not be the case for a finite 
plate. The wave length will be able to change only at finite load 
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-=- .... ~ .. 
intervals. This is the phenomenon described .previously as secondary 
buckling. Koiter and Stein are thus e's$entially. solving the saine 
problem of the post-buckling behavior of a plate in which secondary 
•/ 
buckling is assumed to occur. 
Stein's solution as applied to a long plate should agree with 
Koiter's solution. As can be seen in Fig. 8 this is not the case 
since Koiter 's solutig.n lies approximately half way between Marguerre 's 
\ 
and Stein's solutfons. Since Keiter, employed energy principle," his 
solution is an upper bound to an exact solution; however, Stein's 
• 
solution is not necessarily an upper bound. Thus, it is impossible to 
. 
determine which solution is more exact. 
d 
The difference in the two solu·tions might possible be explained 
by Koiter's use of a relatively crude shape for the deflection w. The 
use of a more refined shape in the transverse direction would.probably 
have lowered the curve. If higher harmonies had been added to the 
\ 
longitudinal wave the curve would have again been lowered. It is, 
·• 
however, impossible ~o determine how close·Koiter's solution would then 
be to Stein's solution. 
It thus appears that no1 definite conclusion can be drawn ,.as to 
which solution best describes the behavior of a plate in which secondary r-·-· 
bucklin:g·· occurs. ,:.-
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2. 7 HU I LUNDQUIST 2 AND ~ATDORF 
Hu, Lun~quist, and Batdorf determined the el&(itic post-buckling 
behavior of a square plate having initial deviation; from flatness. (l 2) 
' ·-r1 
Both the initial de~iations and the deflected shape are ·~epresented 
by Fourier series. The method employed to obtain the undetermined 
coefficients is the same as that used by Levy. The simultaneous 
equations for the coefficients are developed for a rectang·ular plate 
subjected to edge compression and normal pressure. For the specific 
'l 
case of a square plate under uniaxial edge compression, the developed 
.. 
relati.onships are employed using a finite number~ of terms of the 
Fourier ·series. 
' ~\..J\., .. _ 
( 
The boundary conditions are the same as those imposed by Levy, 
that is, 
1) The edges must remain in the original plane of the plate 
2) The edg_e moments are zero 
If 
3) The edges must remain straight 
4) Free expansion at the- longitudinal edges 
~,; 
<' 
5) Zero shearing stresses at the edges. 
The assumed deflection function is 
\.., 
oO 
r Km,n L .... ,. w = t • • .(2~) s 1.n mnx sin nm ( m=l n=l b b ,;. I 
c:, • 
wfiere K is an undetermined coefficient. 
· m ,n \, 
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At zero lQad d) · ~ 
~=tLLK 
0 0 M=l n=l m,n 
. -. 
,, 
' 
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· ........ · 
,, 
, . 
. 
sin mnx sin nw (29-) 
b b 
For the solution to the post buckling behavior of a square plate, the ~ \ -
\ 
coefficients Kl,l' Kl ,J' K3, 1 ,- K3 ,3' Kl, 5 and K were used. The 5,1 
initial deflection was approximated by 
" ' 
w - t K0 sin TIX sin m, + t K sin 3nx sin !II (30) - 03,1 0 -1,1 b b b b 
Various combinations of K and K were employed as shown below. 01,1 03,1 
K 0 0.01 0.04 0 .10 0 0.04 01 1 
' 
.... 
KO 
3,1 
0 0 0 0 0.01 0.01 
\ The, load shortening plots presented by the authors show the assumed 
deviations to. have only a slight effect on the behavior of the plate. 
Tlfey conclude ~that the effect of initial deviation from flatness is 
felt mainly near and at th~-theoretical flat plate buckling load. For 
stresses well above and bilow this point the effect should be.negligible:. 
r;,~, . 
, i 
The greatest reduction in load wa~· 1 caused by the combination of 
) 
"' 
K0 : 0.1.a~d K0 = 0 which represents an initial de'{?iation from 1,1. 3,1 I 
flatness of 10 percent of the t~ickness. At the theoretical ''critical 
strain the aver~g~ stress was redticed by 10 percent. However, at 
-- -,.~..-.'1;.·\, 
ee/e = 2 the reduction was only 4 percent .. The behavior before 
er 
buckling correspr.ihded closely to the flat plate behavior. 
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The applicability of the above conclusions to actual plates w.ill 
depen4} upon whether th.e initial deviations fall within the range 
considered by the authors. Initial deviations considerably higher 'I 
.... !_. .. 
then 10 percent of the thi~kness could have 'an appreciable eff~ct on 
th-e load-shortening behavior. Of the experimental investigations 
< (13,14) included in this report, only Ojalvo and Hull took measurements 
for initial out-of-flatness. The correlation between the .results of 
-these tests and 'the pr.edictions of Hu, Lundquist, and Batdorf is 
. discussed in Section 3.4. 
2.8 ADDITIONAL._,THEORETICAL SOLUTIONS 
The papers of Marguerre, Levy, Stein,·and Koiter·are rigorous 
investigations of the post-buckling behavior of elas~ic flat plates. 
Other less rigorous solutions have been developed. Some of thes·e are 
briefly described here.· 
1 . (3) Schnadel 
Schnadel imposes the same boundai;y, conditions and .uses the same 
meth'od that Marguerre employed. His assumed deflection functio.n is 
w = f 1 sin Ir!. sin !!1 + f 3 sin~ sin 3TrY (31) a b a b 
In the derived stress .. £'unction the terms co°'tr~buting to the shear are 
. neglected. , \ Thus, T is assumed to be equ~l to zero.' t xy . ~ . . . ) 
/ .. 
() 
·Two simultaneous non-linear ~lgebraic· equations describd.ng tne ·---~~-·· 
equil-ibrium are obtained by impo~ing the condition of minimum total J , 
strain energy. Schnadel suggests solving these equijtions by an 
-
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iterativ:. me~d, however, the procedure was not demonstrated in his 
r~port. 
., 
von Karma:n 
(4) 
11/ 
As noted in the introduction von Karman was one of the first to 
investig·ate the post-buckling behavior of a rectangular plate. His 
analysis is rather crude as many assumptions were made. 
-
-3.5. 
A flat center portion bounded by th~ 
shape used by Koiter) was chosen for the 
quarter sine waves· (same as ~ 
transverse shape. It was then 
,, 
' 
assumed that the edge strips carried the entire load distributed uniformly. 
The flat portion was thus neglected in the computations and the deflection 
• 
function reduced to the following: 
w = f sin I!!. sin ~ (32) 
L b 
e 
Assuming that a ,,. = 0 and that the assumed uniform stress is y xy 
· equal to o , oe was computed from the ·first large deflection equation. e . 
(Eq. 2). The stress was then minimized with respect to the half-wave 
tength L. The resulting effective width formula ts given by Eq. 1 . 
von Karman'~ solution gives a lower load capacity then the 
solution shown • Fig. 8. This • not • • considering the i.n l.S surpr1.s1ng 
~l 
\ 
number,of assumptions made. As 0 was assumed to ·be equal to zer:o, 
'• 
y 
4 
the longitudinal edge~ are not constrained to remain straight and thus 
0 
·, 
.. 
ane of the boundary conditions proposed in Section 2.2 is not 
satisfied. Th'is would lower the predicted load capacity of the plate . 
' 
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3. 
. . .. 
(15) 
Cox 
.. _ 
•, ·,.. r, ~-
p' 
r· 
"-•-:''' .. 
,1·,; 
_;.::_. 
Cox employed ·~inimum energy principles .. .' His assumed deflection 
function is the same as the\~ used by Koiter consisting of a flat 
/ 
center portion bounded by sine waves in the transverse direction·and 
t, 
. a sine wave in the longitudinal direction~ The length of the longi-
b.ldinal wave was assumed to be equal to that at buckling and did not 
vary in the post-buckling range as in Koiter's theory. 
"I ' 
-36 
tox assumed that both t and a were equal to zero. His solution 
xy y 
•. 
"" ----is thus not .necessarily an upper bound to an exact solution. The 
assumption that a = 0 implies that the longitudinal edges are not y 
forced to remain straight. 
The effective width was .determined~~ be 
.,· 
b 
e = 0.8 
-
0.09 
b Ee 
Equation 33 will give a load-shortening curve which lies between 
-1, 
Stein 's and Koiter's solutions. _ 
4. 
(16) 
Bengston 
' 
Benston also employeQ minimum energy principles. Assuming a 
' 
.. ~ 
sinusoidal deflection function of non-variable wave length, twas 
? 
, r 
~-.~ 
detennined from Eq. 2 after which ·U and v were comput~d. 
Bengs .. ton imposed the condition of constant axial strain at the 
( 
{11ongitudinal edges. - As ~he fun~ion determined for u and v did not 
·<' 
satisfy this boundary condition, they were modified to do so. The 
I I 
.. 
:f' ... 
. I \ . 
•• 
(33) 
\ 
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'1 
' i ~ • 1 ; . 
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·'·· j ~ 
./ total potential was then computed using the assumed deflection 
:,1 
"" . 
\ ~,. . 
function and the modified functions for u and v. The resulting 
effective width equation is 
b 
e 
-
. b 
,/ 
= 0 . 48 3 + 0 . 51 7 
J, 
... / 
~ . ,l 
-·· ... :.,·•· .... - ·:·) \, f , 
(34) 
Since a simple sinusoidal function can describe the actual 
deflected shape only near the buckling load, Eq. 34 is applicable only 
. 
for loads near the buckling loads.ro·extend the formula to higher 
loads, Benston assumed that at nine times the critical strain the 
highly stressed edge strips would buckle into square panels as did 
the plate at first buckling. The new effective width would then be 
the effective width of the edge strips. Thus for€ > 9 E 
e er 
b 
r O . 48 3 + 0 . 51 7 ( € / € - 9 \ 0 . 48 3 + 0 . 517 ( E / € )-L er e J er e 
b 
e.= 
-
An envelope curve for Eqs. 34 and 35 falls approximately 7. percent 
below Levy's solution. 
5. 
' 
( 17) 
Boley . 
~ 
--
: .... ) 
.. 
(35) 
Boley's solution should not be considered any less rigorous than 
;. ' : 
; 
the solutions of Marguerre, Levy, ~tein, or Keiter; however, as it is 
not considered in detail it is included in this section. 
The method employed in'\Jolv·es su~cessive solt_ttions of Eqs. ·-i and 3 
. ,;( 
in which the non-linear terms (right hand sides of both equations) are 
~ 
{ 
replaced by previously derived ·functio s. The boundary conditions are 
., . 
the same as those· employed by Margue.rre 
r 
j: 
<, 
................. ,,., ... , 
\-
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'• 
u '" 
/ 
_ The first step in the solution was._ the selection1 of an initial 
1 
deflection function: 
w = f coa, mnx cos nny 
1 a b 
(36) 
where m and n, correspond to the half-wave lengths at buckling. Subs ti- ~_/ 
tuting w1 into Eq. 2, a solution was determined for 11 . t 1 and w1 were 
then substitutfd into Eq. 3 and a new deflection function, w2 , was 
derived. The process was repeated once more as w2 was substituted 
into Eq. 2 and a new stress function was determined. Two simultaneous 
/ 
equations ~ere thus developed relating o and b and were solved 
· e e 
numerically yielding a solution for the effective width. The resulting 
curve agreed quite well with the solutions of Levy and Marguerre. 
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3. E X P E R I M E N T· ! L I N V E S T I G A T I O N S 
3.1 GENERAL 
The experimental work included is this chapter covers testEf of 
......... ,1. ,',.'-
'rec_tangular plates subjected~ to 111 ed·ge''·compression in one direction. The 
., 
r., 
discussions consider primarily the boundary conditions provided by the~ 
test jigs,the occurence or non-occurence of secondary buckling, and the 
agreement between the test results and the theoretical solutions. 
summary of the experimental work is given in Table 1. · 
" 
'----· 
3 • 2 ~ SCHUMAN AND BACK 
A 
,,/ 
In 1930 Schuman and Back conducted tests on plates of duralumin, 
l 
staintess ste~ 1, monel meta 1, and nicke 1 <2>,. The thickness at the plates 
varied from 0.015 in. to 0.095 in. and the b/t ratio varied from 42 
to 1600. The aspect ratio ranged from 1.0 to 6.0. 
/ 
-
The r·esul1ts shown fn Fig. 9 are for tests of duralumin, and monel 
metal plates. Tile largest· b/t ratio is 196. 
\ . A schej<'tic ~iagram 0£ the test jig is shown in Fig. 3, The 
longitudinal ed~es of the plate are supported by 45 degree V-grooves, 
The loading edges were compressed flat end. 
... 
The ultimate load was recorded for each plate. However, no 
. 
measurements \4ere taken for the short~ning at the ultimate load· or 
at any intermediate loads. Measurements were recorded for the out-
of-plane deflection and profiles were plotted for various loads. The 
deflection mode at first bu~~.ling was retained throughout the entire 
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range at loading and thus no secondary buckling occurred. 
-The poin,ts shown in Fig. 9 are plotted as a /a ~ vs. I / s · 
max c.. o er 
where e
0 
is the yield strain. cr
0 
(~he yield stress) was de.termined 
by Schuman and Back as the stress at which the slope of the stress-
strain curve was equal to 1/3 E. 
for the points in Fig. 9. 
e
0 
has been appro}(l.mated as E/o 
,....... 0 
' Plo.tting the maximum load at e = e is incorrect in that the 
e o 
ultimate lo.ad. is actually reacrd at a higher edge strain. 
·• 
e
0 
approx-
J . 
. imates the edge strain at wh(ch first yielding occurs. By the same 
reasoning, ~he actual load supported by 6pe plate at s - e is Jess 
e o , 
than the ultimate load. Thus, .the ultimate loads plotted in Fig. 9 
SQould fall above the predicted elastic behavior. 
As can be seen in Fig. 9, the points fall considerably lower 
than the load-shortening curves. There would seem to be two probable 
reasons for this. First, the restraint necessary to force the longi-
tudinal.edges to remain straight is not provided by the test jig. 
This boundary condition was included in the theoretical inv~stigations 
of Marguerre, Levy, Koiter, and Stein. The absence of this restraint 
would reduce the strength of the plates. 
A second-.and probably more important reason is the inability. 
of the V-grooves to retain the longitudinal edges i~ the original plane 
of the plate.. Once the plate buckles the longi tudi{ia 1 edges begin:,;r·tc'.> 
·-<wa.rp with the top and bott~m of the plate expanding and the middle 
portion contracting. The middl~ portion, while remaining in contact 
~/ 
,, I> 
' ' 
:!I:' 
\ 
.. 
• 
,,...,. ....... ~ .................. . 
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with the groove, will move out of the original plane.of the plate. 
' Had no support been provided against out-of-plane movement of 
the longitudinal edge, the plate would have buckled as a column and 
would have little post-buckling strength. It can thu~ be expected 
that even a small out-of-plane movement of the longitudinal edges 
"('" ;J 
would cause a significant drop~ the load carried by the plate. 
/ 
\ The tests of Sechler (see Sect. 3.3) also had longitudinal .... .......... ,. 
·- -
ed'8es supported in V-grooves. The results as can be seen in Fig . .. 9 
are very similar . 
• 
3. 3 SECHLER 
In 1933 Sechler reported the results of experiments con-
- (18) 
·- ducted on· plates of Dura 1, stee 1, alliminum, and brass • Tbe b/t 
ratio ranged from 15 to 1415 and the aspect ratio ranged from 2/3 to 
12. 
Only the steei,- plates are considered here. For the test 
results plotted in Fig. 9 the maximum b/t ratio is 347. 
The plates were tested in a jig which provided V-groove sup-
port for all four sides. 
' As the purp.ose of the tests was to determine the ultimate 
.• 
-~ 
strength of the plate, this was the only test data recorded. Neither 
the shortening nor the otit-of-plane deflection was measured. No mea-
surements were taken for- initial deviations from flatnessf however, 
plat~s which visually showed large deviations were not tested. 
\ 
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. "\ r 
,;.,, ' The ___ longitudina 1 edges of one of the brass plates were observed 
.. . . ' 
to buckle into five half-waves at a load above the plate buckling load. 
1";[ 
Just before the ultimate was reached the edges buckled into twelve 'alf-
,..,. .. 
waves. This is not, however, the phenomenon described as secondary 
buckling since the overall w,ve pattern did not change . 
... _____ ' 
·-
Th~ points shown in Fig. 9 are plotted as amax/crcr vs. 10 /"ecr 
where a was determining by Sechler as the point at which the stress-
o 
,J 
strain curve became non-linear.a0 is thus the proportional limit and s0 
is equal to a IE. 
0 
l 
As can be seen from Fig. 9 the results compare well with Schuman 
and.Back's results and are lower than the theoretical curves. The ex-
planation for the results of Schuman and Back's tests can of course be 
"-~- .. ~·· 
V 
' 
applied here, that is, the V-grooves neither provide suffici~nt restraint · 
against out-of-plane movement of the longitudinal edges nor enforce 
straightness of the edges. 
3.4 DAVID TAYLOR MODEL BASIN 
,7 
The David Taylor Model Basin conducted ultimate strength tests 
on aluminum and steel plates. To da.te two reports have been issued. 
The first in, 1960, was prepared by Duffy and Allnutt(l9) and the second 
report prepared by Conley, Becker,, and Allnutt was issued in 196/
20>. 
) 
' 
Three different g~~,4,.~13.of steel were used (HY-80, a0 = 100 ksi; 
• 
STS, a = 100 ksi; HTS, a = 50 ksi). Three different grades of 
0 0 · 
I 
aluminum were also used (6061-T6,_ a0 = 40 ksi; 5456-H24, a0 = 
. 5456-H321, d = 35 ksi). 
0 
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The b/t ratios of the steel plates varied from 32 to 144 and 
that of the aluminum plates varied from 48 to 144. The plates had 
-~ 
,, 
aspect ratios of 2.0 and 3.0. A total of 111 plates were tested, 61 
of which had various ·6ombinations of longitudinal and. transverse welds . 
(Some unusual residual stress patterns were thus created which unfor-
tunately were not determined). The points,. shown in Fig. 9 are only· 
for plates without welds. 
\.l 
The ·:four edges of each plate were rounded off and given a radius 
t -
'"''" ,, of one half the plate thickness. The transverse and longitudinal edges 
were then S'lipported,., by circula·r grooves having a radius matching that 
~ 
of the plate edges. 
'fl 
The ultimate load was recorded for each plate. No data was 
taken for the shortening or the out-of-plane deflections. Strain gages 
. ! 
. 
, " 
were placed at various locations on the plates and the strains were 
recorded for each load increment. 
eluded in the reports, however. 
Very 1-ittle of this data was in-
:, 
The experimental points shown in Fig. 9 are plotted as.~ ~ 
6 
; 1a vs. _£_ •.. The compressive yield strength was given for each max er e , 
· er , 
plate; however, the authors did not s ta·te how it was determined. 
As can b·e seen in Fig. 9, the test resu 1 ts compare favorably . 
w(th those of Schuman and Back and those of Sechler. ~lthough the 
type of s~pport provided at the longitudinal edges is different than 
. ' that described in the two previous studies, the effect is the same • 
. ~v· .... 
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(. 
The longitudinal edges are not const~ained to remain straight and·are 
allowed to move out of the plane of the plate once the edge warps. 
Because of the failure of the ~est set-ups to provide the correct 
, boundary condition~ it must be concluded that the tests of Schuman and 
Back, Sechler, and the David Taylor Model Basin do no~ adequately simu-
late the behavior of a plate existing in a stiffened plate panel. These 
tests can thus have little bearing on the final choice of a load-shortening 
curve. 
3 • 5 OJALVO AND HULL / 
Ojalvo and Hull conducted tests on twenty-four 24 S-T3 aluminum 
1 t (13:, 14) I p a es .. The plates had aspect ratios of 4.12 and 8.0, and b/ t 
ratios of 71, 91, 138, and 232. 
The plates were tested in a.jig as shown in Fig~ 4. The longi-
tudinal edges extended approximately 1/8 in. into tne grooves, and 
\ according to the authors this type of support should approximate\a 
' ' 
simple support condition. Theore-tically the jig should not provide the 
restraint necessary to keep the lo.ngitudinal edges straight and will 
not inhibit lateral movement of the longitudinal edges. It will, 
however, restr~in the longitudinal e~.ges from out-of-plane movement. 
' ' ·.: 
' ··"'ta 
The~possibility that part of the load might be transferred to 
the jig was c~nsidered by the authors. To minimize any frictional 
restraint between the longitudinal edges and th~~rectangular grooves, 
\ 
a lubricant (Molykote type G thinned with fine grease) was applied to the. ~ (''• 
. . .... 
.~·: ... 
, __ 
.. · 
') 
\ 
' •. ,11 
• I 
. .. 
• 
• 
'· \ 
·r--
{' 
.... , 
i._. 
.:~ 
248.15 
( 
•· ,., .,. 
w..·e .... 
.... 
:; 
I 
;,.: 
•, 
... 
-45 
edges. According to ·Ojalvo in a letter to ·the writer', the plate could 
• 
be moved quite easily in the longitudinal direction at zero load. 
An experimental determination of the load transfer from the: 
plate to 1 the jig was carried out. Strain gages were attached to the·· 
longitudinal edges in order to measure the vertical strain. The 
strain at the bottom of the plate was found to be approximately ~ 
equal to that at the top which would not oe the case if some of the 
load was being transferred to the jig. The maximum load for which 
the strain was recorded was approximately twice the buckling load 
and half of the ultimate load. It would then appear that for 
this range of loading the load transfer was negligible. It was noted 
J 
by the authors, however, that failure of each specimen was caused by 
tearing alpng a longitudinal line between the loading bar and the 
{ 
groove. This would indicate a large shearing stress undoubtedly caused 
by~vertical restraint at the longitudinal edges. Thus it would appear 
that a fairly substantial portion of the load was transferred to the 
jig by_the time the ultimate load was reached. ) 
r 
,, 
Initial out-of-flatness was determined for two of the plates. 
For a 0.025 in. thick plate (b/t = 232) the maximum deviation was 60 
• 
percent of the thickness and for a plate of thickness O .082 in. {b/t = 
71) the maximum deviation was 20 percent. 
# 
.. The out-of-plane deflection w was not measured. The plates 
of aspect ratio ~.12 were observed to buckle is to four half-waves 
r 
and the plates of as..pect ratio 8 into eight half-waves. In some of 
... 
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r· 
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the tests a gradual change is the wave length, was observe,d upon an 
- , increase in the load eventually resulting in an 1ncrectsed number of 
.waves. This increase sometimes occurred wi"th an· audible snap. 
The actual load-shortening plots for the plates-of aspect 
·····.;-.,-
ratio 4.12 were, included in Hull's thesis(lJ). The curves shown 
in Fig. 10 were selected as typical examples of the results for the 
b/t ratios indicated. 
~46 
The curve plotted for plates of b/t = 71 agrees ~airly well 
with Marquerre's solution. There was a noticeable amount of scatter 
\ in the test results with a variation as much as 20 percent near the 
ultimate load. Koiter's equation would conservatively predict the 
ultimate load for all the tests in this group. 
-'--~--.... , The curve selected for the plates of b/t = 91 also agrees well 
with Marguerre 's solution. The results for the individual plates 
differ by as much as 25 percent near the utlimate load. Again Koiter's 
equation would conservatively predict the ultimate strength pf the 
plates. 
r 
The test results for the plates of b/t = 138 ~eviate considerably 
from the theoretica 1 curves. The test curves ,converge towards Marguerre' s 
solution near the ultimate load but for lower loads the agreement is 
very poor. Except for one plate which had a very low load capacity, the 
results were very consistent as the maximum difference near the ultimate 
.· 
., I load was only 10. percent. 
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• 
, 
· The test results for the plates having a b/t ratio of 232 differ 
spectacularly from the predicted behavior. At the thioretical critical 
l 
strain the load varied from one-quarter to one-half of the theoretical 
buckling lo4d. 
/ 
the curves are qearly linear up to a strain of 20 e • 
er 
. . / At the ultimate load the curves approach Koiter's equation. The results 
were very consistent and varied only about 10 percent near the ultimate 
load. 
-
There is no·· obvious answer as to why the results for the~thinner · 
·, 
plates (b/t = 138, 232) failed to agree with the theoretical predictions .• 
The absence of the restraint necessary to enforce straightness of the 
longitudinal edge ·and the possible existence of non-parallelism of the 
loading edges would cause a reduction in the load. It is unlikel~, 
however, .that either is a significant factor in such a large load re-
duction. It should be noted that these factors would also be present 
in the· thick plates for which the agreement with theory was good. 
Probably the most important factor for the low load capacity 
of the thin plates is the existence of initial deviations from flatness. 
Hu, Lundquist, and Batdorf(l2) (see sect. 2.7) analyzed plates with 
.. 
initial deviation from flatness and found the effect on the load-
. shortening behavior to be negligible. There are, however, two major 
differences in this analysis and the situat~on encountered here. 
(1) In the plate for which measurements were taken the 
,, 
" initial out-of-flatness was six times as large as that considered 
by Hu, et al. This would of course increase the deviation from 
., .. r .. 
the predicted flat plate behavior. 
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"' (2) In the theoretical analysis the assumed wave length 
for the initial out-of-flatness which caused the greatest effect 
was equal to the wave length of the buckles ~ an initially flat 
'<..__ plate. Thus once the theoretical buckling load had been passed . r 
the '"plate could be expe,cted to follow the theoretical flat plate 
behavior. The measurements taken. by Ojalvo. and Hull showed the 
initial deviation to be a single half-wave whereas the theoretical 
, buckled shape would consist of four half-waves. For the pl.ate to 
develop the flat plate buckling mode it mult buckle from the sing le 
I 
y 
half-wave mode to the four half-wave mode. Theoretically this could 
not happen until the actual load-shortening curve intersected the 
theoretical flat plate curve. Assuming the above described be-
havior is typical, the theoretical flat plate behavior should give 
a reasonable estimate of the behavior of a long plate containing 
initial deviations from flatness. 
I The tests did not, however, follow this pattern as the four 
~ half-waves appeared long before the experimental curves intersected 
the theoretical curves. It is possible that instead of having a 
buckling phenomenon in which one mode is replaced by another, the 
four half-wave mode was being superimposed upon the one half-wave 
mode. Thus both modes existed at the same time. ·This type qf 
behavior can not be described by any of the present theoretica~ l, 
··• , soluti-ons. As the load is increased the effect of the one half-
wave mode is probably lessened as is indicated by the relatively 
!"' 
•111- , I good agreement between the theoretical and experimental curves near 
·• the ultimate load. 
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3 • 6 BOTMAN AND BES.SELING 
f 
Botman and Besseling conducted tests on aluminum ,plates naving 
• . 
1 
( 21 22 23 24) 
thicknesses var1ng from 1.06 nnn. to 4. 73 mm. _, · ' · ' · . The pur-· 
pose of the tests was to approximate as closely as possible the behavtor 
of a plate as it exists in a stiffened plate panel. Instead of a stif-
' -
fened panel multi-bay panels having from one to five bays and supported 
... 
by knife edges at the stiffener points were tested (see Fig. S). The 
load carried by the plate could then be measured directly which would 
!1' 
not be the case if a stiffened panel were tested since part of the load ~ 
would be carried by the stiffeners. The knife edges will provide the 
same out-of-plane restraint as ·would the stiffeners. The tests were 
des!gned to investigate the effective width in the elastic and in-
?. 
', 
• 
elastic ranges. However, only the .t~sts in which the major portion 
of the post-buckling strength was developed in the elastic range are 
... 
considered here. 
Careful consideration was given to the design of the test set-
up. The most important feature was the knife edges which were placed 
on each side of the plate. The knife edges were designed to provide 
a minimum amount of vertical frictional restraint and a mJnimum 
amount of rotational restraint. A detail ·of a knife edge is shown in 
Fig. 5. A brass wire having a 2 mm radius was inserted into a machined ~ 
slot·which was filled with graphite grease. The wire was placed in 5 nun 
~trips separated by 2 mm gaps. 
I 
Two other types of knife edges were used in preliminary tests 
but were discarded in favor of the type described-above. 
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' 
A small amount of play was allowed between the knife edges and 
the plates as the knife edges were not butted up against the plate. 
'As in the tests conducted by Ojalvo and Hull, an important un-
known factor was the amount o'f load being transferred to the jig. Bot-
man and Besse ling state that at the higher loads transfer of la·rge load. 
to the knife edges coul4 not be completely prevented. No indication 
'' . ;,~ 
was given as to what percentage of the total load this might be. 
I 
The loading edges were fitted in -small slots approximately 2 mm 
in depth. The slots were filled with graphite grease. Strain gages 
used in one of the preliminary tests indicated that very little hori-
/ 
/ 
zontal frictional restraint was being exerted on the loading edge •. 
This was the condition desired by the investigators. 
The shortening of each specimen was determined by dial gages 
and the load was read directly from the testing machine. The wave 
amplitude of the longitudinal centerline of the middle bay was deter-
mined for each specimen. 
The tests were divided into three groups. The first group 
consisted of prelimina~y tests conducted to investigate the test 
set-up and to determine the number of bays· required to provide the 
restraint necessary to enforce straightness of the longitudinal edges. 
Because of~the close agreement between the results for panels of three 
and five bays, a three bay panel was chosen for the second and third 
groups of tests. The preliminary tests are described in References 
21 and 23. 
.,. 
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·, 24S-T aluminum having a yield stress of 50 ksi (determinedf-,-from 
-~~. 
a 0.2 percent offset) was used for the second group of te~ts. The b/t 
; 
ratio varied from 51 to 124 and e le 1 varied from 0.0805 to 0.561 er p 
where epl is the straiq at the propor.tional limit. The second group 
of tests is described in References 22 and 24. 
For the third group of tee-ts 755-T (a = 70 ksi) and 2S-1/2H 0 
(a
0 
= 15 ksi) aluminum was used. The b/t ratio varied from 31. 7. to 
·122 and e I e 1 varied from 0.0487 to 0.93. The third group of tests er p _ 
is described in Reference 24. 
The authors plotted the test results as b /b vs. 
e e:e 
• The 
,. 
effective width was determined from the recorded load-shortening data 
using the ·-equation 
b -
e. . a 
--, = 
b E e 
s e 
where E is the secant modulus. 
s 
Before performing the above calculation the authors corrected 
the load-shortening curves to account for two effects: 
(1) Deviations from the fla"t plate behavior near the origtn 
of the load-:shortening curves and, (2) Deviation from the flat pl_ate 
behavior for loads near· .. ~he b-uckling load. ' • 
,.• 
The first effect was caused by non-parallelism of tQe loading 
edges which produced a non-uniform str~ss distribution across the width 
... 
\ 
of the plat~. The second effect is normally assumed to be caused by 
.. 
i 
i 
J 
'\I• !'f 
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I 
"' initial deviations from flatness; however, . I the1 authors I 
.... ~ 
: ,. . 
feel this -is not 
/ 
j 
the case in their tests. i One· of the plates-< was strain gaged at the center 
and the membrane strain was compared to the unit shortening. The two 
values agreed quite closely which -would not/ be,.. the case if initial de-
viations from flatness· were causing the reduction in the load. The 
authors feel that the play allowed at the knife edges permitted the 
plate to buckle as a column before plate buckling occurred. The unit 
shortening was thus increased above the value given by ;/E. 
The values used for e in the authors effective width plots er 2 
are experimentally determined values found by plotting load vs. (w/a). 
The intercept of the load axis is considered the'buckling load. For 
the plots included in.this report, the effective width curves were • 
reconverted to load-shortening curves. However, the theoretical value· 
of e was used to make the plots consistent -with other data included er 
here. 
The experimental buckling load was normally higher than t~ 
theoretica 1 value and in at least one case was 20 percent higher. · The 
discrepency between the experimental and theoretical values could 
possibly be caused by inaccuracies in the method of determining the 
experimental value. It is also possible that the buckling load was 
" 
increased by rotational restraint at ... the ·· longitudinal edges. 
Wave patterns for loads up to two to three times the buckling 
load were included in the reports. In general the mode at first 
\ 
buckling (five half-waves) was retained for this range of loading. Y· 
-· · .
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,· 
It is unfortunate that a continuous record was not made for the entire 
range of loading. 
,, 
Changes in the wave pattern at loads well above the buckling 
' loa~ were visually observed by the authors. For some of the preliminary 
~ tests, the change occurred suddenly and was accompanieµ by a bang. 
However, when the sliding pieces were used on the knife edges, a gradual 
·'1 
' transition r6 a sma11er wave-length took place. 
The test results £or the 24S-T and 75S-T aluminum ·plates were 
remarkably consistent. The results for the 2S-1/2H p~ates were fairly 
consistent within themselves but did not agree with the results of 
75S-T and 24S-T plates. The proportional limit for 2S-l/2H aluminum 
is located well below the ultimate strength, thus the major portion 
of the post-buckling strength was developed in the inelastic range. 
For~this reason the behavior of the 2S-l/2H plates can not be predicted 
by any of the theoretical elastic solutions. 
The experimental curves shown in Fig. 11 are tests of 75S-T 
plates. These curves can be considered typical of all the tests on 
} 
I\ 75S-T and 24S-T plates. The results agree very well with Koiter's 
,· 
theoretical elastic curve for the entire loading range which en-
compasses both elastlc··and inelastic behavior. 
The test set-up of Botman and Besseling satisfies the boundary / 
condition of stiffened panels to a greater extent than do the other. 
'f, . ~ • 
- ... • •"' 
experiments considered here • Thus these tests give the best indication 
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I 
st4.f fened 
--··----·----·--·---·--· - ··· ~-----.o.f_A:the .... b.eha.vior of. ~ plate existing in a plate panel. The 
~: 
.. 
,· 
consistent agreement of the results with Koiter's theoretical curve 
gives then -stropg support \o the use of Koiter' s equation as a design 
formula. 'I 
3. 7 STEIN 
.... 
,., 
{ 
Included in Stein's.report is a description of a single test 
-/.. conducted on a 2024-T3 aluminum-alloy plate(9). The plate was sub-
divided by knife edges into eleven bays each having an aspect ratio 
of 5.4 and a b/t ratio of 65.4. 
A continuous record of the load-shortening behavior was kept. 
Until yielding occurred the load carried by the plate was greater 
than that which would be predicted by any of the theoretical elastic 
solutions. The ultimate load was approximately 2.5 a . The agreement er 
or disagreement of a single test with the theoretical solution is not 
really important. 
The significant fact in this test was the occurence of secondary 
buckling which took place three times after initial buckling. The 
original buckled shape of the plate was five half-waves. At an average 
stress of 1.75 cr the plate buckled into six half-waves. It later er 
changed'to seven half-waves and still later buckled into an eight half-
wave mode. Stein stated in the report that the changes occurred in a 
violent manner. At each point secondary buckling occurred, a drop in 
the load was recorded. 
• I . 
/ 
The fact that repeated .secondary buckling was observed to occur 
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' 
in one· te·st -doe-s - not, -of course, prove- ·t-hat -this--beh-a·vior is character-
istic ·of a plate in a stiffened plate panel. It is important, however, 
that the test has shown that repeated secondary buckling can occur. 
Since it occurred in the test on a plate, it is possible that it might 
_..,"', . ·. 
occur in a stiffened panel also. 
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-4;. CON C L·U S I-0 NS 
The theoretical work presented in Chapter 2 was primarily con-
cerned with the work of Margue~re, Levy, Stein, and Koiter. The dis-
cussion contained there led to a classification of the solutions into 
two groups: (1) Marguerre's and Levy's solutions in which only the 
. 
~ 
first equilibrium mode is investigated and thus secondary buckling is 
not considered and, (2) Stein's and Koiter's solutions in which se-
condary buckling is considered. 
!' 
No conclusive evidence has been prese.nted, either theoretical 
or experimental, to prove that repeated secondary buckling is char-
1 
· acteristic of the behavior of long plates. However, as a conservative 
solution is needed this in fact not the proof required; rather, it must 
be proved that repeated secondary buckling does not occur in plates 
existing in a stiffened panel. Since this has not been accomplished 
only the solutions of Stein and Keiter will be considered for the choice 
of a design formula. The choice between these two solutions can, how-
ever, not be, based on theoretical considerations as explained in Section 
2.6. 
The experimental results of Botman and Besseling, considered by 
the writer to be the most reliable tests covered in this report, agree 
extremely well with Koiter's equation. The b/t ratio for these tests 
ranged from 31 to 122. It was also found that Koiter's equation con-
s~rratively predicts the ultimate load of the tests of Ojalvo and Hull 
for plates having a low b/t rati.o. 
I ~ ~ .. 
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It is thus the opinion of this writer that Koiter's equation 
can be used with confidence for long plates having a b/t ratio less 
than 120. From the tests· of Ojalvo and Hull, it appears that for 
higher b/t ratios, initial deviations from flatness are beginning 
t to have an appreciable effect on the load-shortening behavior. 
) 
As the primary interest in this report is in plates having 
a b/t ratio less then 100, it is proposed that Koiter's e·quation .. 
be used for the post-buckling portion of the effective stress-strain 
curve of the plate. 
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5. A P·PL ICAT ION 
As indicated in the introduction, the lead-shortening behavior· 
) C 
' • 
will be u~ed as an effective stress-strain curve for the plate. The - -• I 
effective stress-strain curve will then consist of three parts: (1) 
before the buckling stress, (2) between the buckling stress and the 
ultimate stress, and, (3) after the ultimate stress. 
The first part of the curve consists of a straight line of 
unit slope. The second pa:rt between the buckling stress and the 
ultimate stress is defined by Koiter's equation: 
.., 
1.2 O. 6 - 0. 65 0
·
2 + 0.45 -0. 2 q 
0 cr 
-
(37) 
It will be assumed that the plate will continue to carry the ultimate 
load once it has betn ·attained. Thus the third part of the curve will 
consist of a straight line of zero slope. Unfortunately no experimental, 1 
justification for this assumption exists. However, the ultimate load 
of the stiffened panel will occur before or soon after the ultimate \ 
\ 
strength of the plate. The assumption is thus not critical.· 
No attempt has as yet been made here to define the ultimate 
load of the plate. The actual ultimate capacity of the plate would 
' 
be extremely difficult to compute. Because of this, the ultimate 
' average stress will be defined as the stress at which first yielding 
takes place due to membrane forces~ A further simplification will be 
made in that the strain at which first yielding occurs can be computed 
by cro a~ if a uniaxial state of stress existed. 
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' 
' 'll For .. :.arl_plate without residual stresses, the maximum membrane 
stress would be at the longitudinal edge and thus the maximum load 
would be developed when e. = e. The solid lines in Fig. 15 are 
e o 
( 
stress-strain curves for plates of A-36 steel having b/t ratios of 60 
and 100 and having no residual stresses. 
A typical residua 1 stre.a,.a . ..pattern for a plate with stiffeners 
attached by welding is s.hown in Fig. 12. In general the compressive 
residual -stress (cr ) is quite small as compared_ to the tensile re-re - . 
sidual stress (a ) and will be distributed across nearly the entire 
rt 
width of the plate. Because of this it will be assumed that the plate 
-will buckle when o + a - cr re - ·er· The stress distribution after buckling ; I 
· is shown in Fig. 13. The maximum stress no longer occurs at the 
., 
edge but rather at the edge of the compressive residual stress zone, 
point A. 
The effect of residual stresses on the effective. plate stress-
strain curve is illustrated in Fig. 14. The solid line represents the 
~ 
stress-strain curve for a plate without residual stresses. As shown 
by the dotted line the stress at which the plate buckles is reduced 
by a . If the maximum stress was assumed to occur at the longitudinal re 
edge, dotted' 1 line (d) would represent the ultimate load of the plate. 
However, as the maximum stress is developed at the edge of ,the com-
pressive residual stress zone (point A), dotted·line (e) acutally 
represents the ultimate load. This load has a higher value then in the 
previous case. \ 
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A numerical example of the effect of residual stre&ses .. is shown 
l 
in Fig. 15 by.the dotted line. The plate has a b/t ratio of 60 and assumed 
residual stresses of cr = a and a . = 0.1 a. 
rt o re o 
t ... 
The stress distribution. 
·P ( 
after buckling was assumed to be parabolic. As can be seen from the 
:'l'l/1.J.l'':. •.•• ,-~ 
figure, the ultimate load has been reduced by about 10 percent. I 0 f 
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6. · R E C ·o M M E N D A T I O N S F O 'R F U T U R E · ll·, E S E A R C H 
6.1 THEORETICAL WORK 
r 
The most important area yet to be. investigated is that of 
.. 
stability in the post-buckled state. Until stability criteria have been 
' 
determined no theoretical basis exists for determining which solution, 
.,. 
that which considers secondary buckling or that which does not, cor-
rectly describes the post-buckling behavior of long plates. Unfortunately 
an investigation of the stability of the equilibrium will require a 
very precise determination of the equilibrium configurations. As indi-
cated in Chapter 2 this is not easy .to do . 
An area which needs furthur investigation is the effect of 
initial deviations from flatness. Of specific interest is the effect 
,-~:- .... 
of the various possible initial out-of-flatness modes on the behavior 
of long plates. In order that the investigation apply~ actual plates, I 
I • 
I 
larger deviations than were considered by Hu, Lundquist, and Batdorf 
should be investigated. 
Finite difference techniques could be used to make an approxi-
mate investigation of both the problems mentioned above. 
6.2 EXPERIMENTAL WORK 
4 
.. " Very few additional questions can be answered by more experi-
ments unless such experiments are planned and executed in a very ex-
acting manner. 
The following items should be considered of prime importance 
I ' 
, I 
,,: I 
" i 
: i 
I 
( 
. J 
·' .. '· 
,, 
248.15 
in any fut:ure tests: J-
I 
.,.,·,,. .. -.,..--...... ... "·'·"'-"• - .... 
/ 
/' 
I 
(1) -A wide range ·of b/t ratios should be included. 
•/ 
... . 
Of 
special.'·.interest is the effect of initial deviations on the 1• behavior 
of plates having a high b/t ratio. 
-4. 
,. 
(2) The initial out-of-flatness should be measured. 
I 
I• 
~ . '. . 
(3) A complete record of the load-shortening behavior 
should be kept up to and well beyond the ultimate load.· 
I 
' 
(4) Out-of-plane deflections should be measured for the 
, entire ~oading range. 
__, ... 
(5) Special attention should be given to the boundary 
conditions at the longitudinal edges. A multi-bay test arrangement 
appears to be the only acceptable approach. 
, 
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7. NOMENC.LATURB 
.a: , plate length 
b 
e 
D 
B 
) 
plate ~idth 
effective width 
1!:t3 
plate rigidity; 12(l-~2) 
Young·' s modulus 
L half-wave length in longitudinal direction 
' j 
-~· 
N normal membrane force per unit width in the x direction 
·X 
N normal membrane force per unit length in y direction y 
N membrane shearing force per unit width xy 
t· plate thickness 
u 
V 
displacement in the x direction 
displacement in they direction 
w out-of-plane displacement 
x,y cartesian coordinate axes 
.Yxy membrane shearing strain 
C arbitrary parameter 
~ 
membrane strain in x direction 
membrarte strain in y direction 
axial strain at the longitudinal edge 
(. 
2 2 
buckling strain of a simply supported plate, 1T·-,(t/b~ 
' 3( 1-" ) 
1
0 yield strain 
Poisson's ratio 
c,x membrane stress in X direction 
ay membrane stress in y direction 
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'.J. 
.. 
- •, 
---- I 
I 
"· 
,. 
t. 
J. 
. . 
. 
I 
. ., 248.15 
-
( a 
..., 
S'max 
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(1 
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6 rt 
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a 
0 
T 
xy 
t 
V 
t 
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-.~.,._. .. ,.,., 
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I . , , r I• 
I 
.•.: .. 
average ap.plied edge stress 
maximum average ;ipplied edge -stress 
axial stress at the longitudinal edge 
buckling stress of a simply supported plate; 
• compressive restdual stress 
tensile residual stress --~ 
yield stress 
membrane shearing stress 
Airy' s stress function ·.· . .',--~ 
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8. T A B -LB S AND F I G U B. E S 
·~. 
.. 
~65 
: .. 
.. 
.. ,. 
( 
·.,, 
\. ... ., 
-· 
,.,,,_,. 
Inveatigators Material b/t a/b No. Support at Support at 
.. of Longitudinal Transverse 
Bays .Edge Edge 
,. 
Schuman Duralumin 42- 1-6 1 V-Groove Flat 
and Back Monel Metal 1600 End 
(Ref. 2) Nickel Bearing 
' 
Stainless 
S tee 1 
Sechler Dural 15- 2/3-12 1 V-Groove V-Groove (Ref. 18) Steel 1415 
Aluminum 
Brass 
David Taylor Steel 32- 2,3 l Circular Circular 
· Model Basin Aluminum 144 Groove Groove 
(Ref. 19,20) 
Ojalvo Aluminum 71- 4,8 1 Rectangular Shallow 
and Hull 232 Groove Slot 
(Ref. 13,14) 
Batman and Aluminum 51- 4.7 l-5 K.nite Edge 2nm Deep 
Besse ling 124 Slot 
(Ref. 21,22,23,24) 
Stein Aluminum 65 5.4 11 Knite Edge Flat (Ref. 9) End 
Bearing 
• 
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Load Short. Out-of Plane 
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Yes No No Yes 
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9. A P PE N D I X 
In addition to the references listed in Chapter 10, many other 
. , 
publications pertaining to the subject matter have been studied. To 
assist the reader in further study, the more significant publications 
are listed below. 
. ' 
1. Yamanoto, M. , and Kondo, K. 
BUCKLING AND FAILURE OF THIN RECTANGULAR PLATES IN 
COMPRESSION, Tokyo Imperial Univ., Aeronautical Re-
search Institute, 10, No. 1, Report No. 119 (1935). 
2. Kromm, A., and Marguerre, K • 
r 
BEHAVIOR OF A PLATE STRIP UNDER SHEAR AND COMPRESSIVE 
STRESSES BEYOND THE BUC~ING LIMIT, NACA TM 870, 
{1938) (Translation) ... 
3. Ramber.g, W. , McPherson, A. E., and Levy, S. 
EXPERIMENTAL STUDY OF DEFORMATION AND OF EFFECTIVE 
WIDTH IN AXIALLY LOADED SHEET-STRINGER PANELS, NACA 
TN 684 (1939) 
4. Levy, S., Goldenburg, D., and Zibritosky, G. 
5 Cox 411 ... ' ' ',,,,,, , 
. ' ·- . -.. .,~, 
SIMPLY SUPPORTED LONG RECTANGULAR PLATE UNDER COMBINED 
AXIAL LOAD AND NORMAL PRESSURE, NACA TN 949, (Oct. 1944) 
H. L. 
THE BUCKLING OF A FLAT REcrANGULAR PLATE UNDER AXIAL 
COMPRESSION AND ITS BEHAVIOR AFrER BUCKLING, Aeronautical 
Research Committee (Great Britian), III, No. 2041, (1945) 
6. Cox, H. L. 
J 
THE BUCKLING OF A FLAT RECTANGULAR PLATE UNDER AXIAL 
COMPRESSION AND ITS BEHAVIOR AFrER BUCKLING, II-CONDITIONS 
FOR PERMANENT BUCKLES, Aeronautical Research Committee 
(Great Britain) III, No. 2175, (1945) 
7. · Hemp, W. S. · · ;.· 
l, 
THE THEORY OF FLAT PANELS BUCKLED IN COMPRESSION, Aero-
nautical Research Committee (Great Britain), III, No. 
2178, ( 1945) 
8. Hof·f, N. J., Boley, B. A., and Coan, J. M. 
THE DE.VELOPMENT OF A TECHNIQUE FOR TESTING '·STIFF-.. · PANELS 
~ ' -"'·"' 
IN EDGEWISE COMPRESSION, Proceedings of the Society For 
Experimental Stress Analysis, No. II (1948) 
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9. Bijlaard, P. P . 
. DETERMINATION OF.THE EFFE~I~ WIDTH OF PLATE WITH 
SMALL DEVIATIONS FROM Fld\TNESS BY THE METHOD OF S PLIT 
1.rr RIGIDITIES, Proc. 1st UnL~ed States Congress of Applied 
Mechanics, p. 357-362, (1951) 
10. Coan, J.M. 
LARGE-DEFLECTION THEORY FOR PLATES WITH-SMALL INITIAL 
CURVATURE LOADED IN EDGE C0?-1PRESSI0N, Journal of Applied 
Mechanics, 18, No. 2, (1951) 
11. Argyris, J. H., and Dunne, P. C. 
STRUCTURAL PRINCIPLES .AND DATA HANDBOOK OF AERONAUTICS, 
No. 1, {Part II, Structural Analysis, Fourth Edition), 
Pitman Publishing Corporation, New York, 1952 
12. Bleich, F. 
BUCKLING STRENGTH OF METAL STRUCTURES, p. 459, McGraw-
Hill Book Company, New Yor, 1952 
13. Mayers, J., and Budiansky, B. 
ANALYSIS AND BEHAVIOR ·OF SIMPLY SUPPORTED FLAT PLATES 
COMPRESSED BEYOND THE BUCKLING LOAD INTO THE PLASTIC 
RANGE, NACA TN 3368, (1955) 
14. Alecseev, S. A. 
POST CRITICAL WORK OF FLEXIBLE ELASTIC PLATES, Prik. 
Mat. Mekh. (Applied Mathematics and Mechanics), 20, p. 
673) (1956) Yi 
15. Gerard, G. 
.. HANDBOOK OF STRUCTURAL STABILITY, PART IV - FAILURE OF 
PLATES AND COMPOSITE ELEMENTS, NACA TN 3784 (1957) 
16. Masur, ,E. F. 
ON THE ANALYSIS OF BUCKLED PLATES, Proc. 3rd United 
States Congress of Applied Mechanics, p.· 411, (1958) 
17 .. Timoshenko, S. P CJ, and Gere, J. M. 
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